Introduction.
In the classical approach of G. Birkhoff and J. von Neumann
[l] the main problem was to find a set of axioms for the quantum logic that would guarantee the existence of a representation of quantum logic propositions by orthogonal projectors in a Hubert space. C. Piron [2] assumed weak semimodularity and showed that yes-no measurements can be represented by projectors in some unitary spaces.
In [3] B. Mielnik pointed out the insufficiency of the classical approach and proposed a geometric approach to the foundation of general quantum mechanics.
For that purpose he introduced an abstract space of states as a setting for his geometric theory of quantum states. Let B, and B2 be two bases in S; then, as shown in [3] , B, and B2 have the same cardinal number. The cardinal number is called the dimension of (5, p). is a probability space of dimension 2.
The theorems that follow indicate that the above result is not a curious observation only. Thus, from (Ll), we have Va \x + y\\ 2 + !4 ||* -y\\ 2 > 1 for all x, y in S.
Recalling I. J. Schoenberg's result [5] , we see that N is an inner product space.
The converse of Theorem (l.l) is plain.
In the next theorem we can use a slightly weakened axiom (A):
(A') 0<p'(a, r»<l and p\a, b) = 1 => a = b. AS, p) is a probability space such that
for all x, y in S, and the dimension of (5, p') is 2, then N is an inner product space.
Proof. The condition (1.2) and p'ia, b) = 1 =» a = b imply axiom (A). Let y =
x, then from (1.2) it follows that p(x, x) > 1. But p(x, x) < 1, so p(x, x) = 1. In other words, (1.2) implies that (5, p ) is (5, p).
Since (5, p ) is of dimension 2, we have p (x, y) + p (x, -y) = 1, or according to (1.2), ^||*+y||2+M||*-y||2<l.
Using again I. J. Schoenberg's condition we get that N is an inner product space.
The above results motivate an effort to characterize inner product spaces in terms of probability spaces in the sense of B. Mielnik.
In this paper we shall give a necessary and sufficient condition for N to be an inner product space in terms of probability space structure imposed over the unit sphere 5 of N. Proof. Suppose that / satisfies (2.1), and change / by git), figit)) + figigit)))=l.
Hence /(/) = /(g(g(t))) = fig2it)), where g2 = g °g. Since g2it) increases from 0 = g2(0) to 2 = g2(2), and / is univalent, we obtain t = g2it), or g" it) = git), t £ [0, 2\. Thus g = g~ is necessary.
Assume that g = g~ -We shall prove that all solutions of (2.1) can be ob- Proof. See [6] .
In order to use Mielnik's geometry of quantum states for characterization of inner product spaces we need the generalized parallellogram law in an explicit form. With the help of (2.1) we can give such a characterization of inner product spaces. 3. Probability spaces and inner product spaces. It remains to determine the extent of limitation that a very general probability space structure imposes upon a normed real linear space N. We shall show that a certain probability space structure imposed upon 5 = {x| ||x|| = 1\ C N, makes N into an inner product space. is a probability space of dimension 2, for some h £ G. The condition (2:4) of Lemma 2.4 is a direct generalization of the well-known parallelogram law [9] , and for our purpose it is more natural than that of Senechalle.
One can get the condition (2.4) from Senechalle's condition (2.3) using Lemma 2.2. Proof. Since (S, /(||x +y||)) is a probability space of dimension 2, we have
